Introduction
Any living tissue is characterized by a microstructure that fulfills a certain functional role within the living ensemble. The cornea, which is the transparent tissue that covers the front of the eye, is a good example of a well-structured biological material. The understanding of the interrelation between the function of biological tissues and the related structure and mechanics is of utmost importance to better analyze the refractive status of the cornea, and hence the focusing ability of the eye.
A numerical model with the ability to describe the coupling between optics and mechanics in a reliable way may serve as a valuable tool for the planning of refractive surgery in diseased or troublesome corneas. Numerical models may be useful to fill nomograms concerning unusual and uncommon situations. Modeling biological tissues is a challenging task to anyone with knowledge in physics, biology, and mechanics. The avenue pursued in this paper is the development and evaluation of numerical models that simulate the coupling between optics and mechanics. Hence, the initial step consists of the verification that the model is able to reproduce repeatable processes and experiments ͑in vitro or, where possible, in vivo͒.
From the engineering point of view, the cornea may be considered as a composite material consisting of dispersed collagen fibrils embedded in a hydrated-matrix rich in proteoglycans, glycoproteins, salt, and keratocytes. In the center of the cornea, preferential orientations are dominant along the superior-inferior ͑SI͒ and the nasal-temporal ͑NT͒ meridians. At the limbus, where the cornea and the white sclera merge, most collagen fibrils are aligned circumferentially clearly forming a reinforcing annulus.
The first observation of the preferential orientation of collagen fibrils in the human cornea goes back to Kokott ͓1͔; numerous subsequent studies confirmed the early discovery. An explanation for the presence of the preferential orientation of collagen fibrils in the NT direction is the need to sustain the stress exerted by the ocular rectus muscles ͓1-3͔. Yet, the reasons of the SI fibril reinforcement are not completely clear. Boote et al. ͓4͔ argued that the action of the orbicularis in moving the eyelid may be related to stresses that are primarily directed along the vertical direction. As a consequence, the balance in the fibril reinforcement between the NT and SI directions is indeed necessary in order to maintain the corneal shape under the combined action of the muscles that provide the movement of the eye and the opening/closure of the eyelid ͓4͔.
The orthogonal structure and organization of the stromal lamellae in the NT and SI directions influence the optical power and the mechanical properties of the tissue ͓5͔. Boote et al. ͓4͔ documented that X-ray scatter intensity distributions indicate a Gaussian spread about the orthogonal NT and SI directions; they also provided the variation of the normalized elastic modulus along the circumferential direction. Newton and Meek ͓6,7͔ revealed the presence of a circumcorneal annulus of collagen fibrils in the limbus, where two different curvatures of cornea and sclera meet. The circumferential reinforcement, formed by highly reinforced fibrils ͓5,8͔, is important in maintaining the shape of the cornea ͓9͔.
In the past 16 years, several authors analyzed the biomechanical behavior of the human cornea by using advanced computational tools. Axisymmetric analysis of the intact cornea and 3D analysis of the cornea undergoing radial keratotomy were presented by Buzard ͓10͔. Höltzel et al. ͓11͔ simulated experiments on whole corneas and on strip specimens, adopting a geometrically and material nonlinear membrane element to assess the influence of original curvature of the cornea on the stress distribution. To analyze the incised cornea an advanced material model accounting for the microstructural organization of the stroma was proposed by Pinsky and Dayte ͓12͔. Furthermore, Pinsky and Dayte ͓13͔ presented several examples of finite element simulations by computing the immediate postoperative shift in the corneal power resulting from radial, astigmatic, and hexagonal keratotomy, obtaining a good correspondence with experiments. Velinsky and Bryant ͓14͔ combined a mechanical model ͑linear elastic and transversely isotropic͒ of the eye with an optical model of the eye to demonstrate how various mathematical methods can be coupled in order to provide a comprehensive methodology for the design of refractive surgery. Bryant and McDonnell ͓15͔ performed inflation experiments on whole corneas and proposed a 2D axisymmetric simulation of the experiments by using different material models and linear kinematics. With an approach similar to the one proposed here, Pinsky et al. ͓16͔ introduced an anisotropic constitutive model of the stroma, which is based on a distribution function for fibril orientation. They used the anisotropic material model to simulate the mechanical effects of corneal incisions and to evaluate the change in the refractive power. The anisotropic model proposed by Holzapfel et al. ͓17͔ was implemented in a general purpose finite deformation finite element code by Alastrué et al. ͓18͔ to evaluate the stress state and the change in the apical elevation resulting from laser tissue ablation. The recent works by Pandolfi and coworkers ͓19,20͔ explicitly account for the unloaded configuration of the cornea in a 3D finite element model used to reproduce inflation tests and to simulate refractive surgery. In Ref. ͓20͔, quantitative evaluations of the change in the corneal refractive power due to laser ablation are presented. Structural models of the cornea ͑considered as thin shells͒ were proposed by Anderson et al. ͓21͔ , and more recently by Li and Tighe ͓22͔ and Elsheikh and Wang ͓23͔. Such shell-based approaches are computationally more convenient than continuum approaches, but introduce approximations that may reduce the accuracy of the analysis.
The approach proposed in this paper is characterized by a few features.
1. Unlike in previous models of the human cornea, the present work considers distributed orientations of fibrils about two main directions. A similar approach, although in one fibril direction, has been recently proposed by Pinsky et al.
͓16͔.
The presence of two sets of distributed fibrils is a peculiar feature of the human cornea and of the present modeling approach. The proposed structural model of the cornea represents an improvement of previous works in the field ͑for example, Refs. ͓18-20͔͒. 2. The model accounts for finite strains, which is a kinematic framework suitable for several applications within the mechanics of soft biological tissues. This choice is supported by the highly nonlinear response of the cornea ͑see, for example, Pandolfi and Manganiello ͓19͔, who documented a collection of tensile data obtained from experiments performed on excised strips of human corneas͒. In fact, a finite strain model provides an "exact" approach since it is selfconsistent from the mathematical point of view; additionally, it is able to deal with both small and large strains. We observe that the combination of large displacements and small strains may be useful in special theories such as the treatment of, for example, thin structures ͑plates and shells and beams͒. Since we are dealing with a continuum theory, the choice of the large strain kinematics is here more straightforward. 3. In vivo measurements provide the geometry of the cornea deformed by the intraocular pressure ͑IOP͒. In order to predict realistic mechanical responses, the finite element model must be able to reproduce the ͑unknown͒ unloaded ͑and undeformed͒ configuration of the cornea. The present model considers an automatic procedure, which identifies the unloaded configuration ͓16,19,20͔. 4. The availability of the above listed features ͑distributed anisotropic mechanical properties, finite strains, and identification of the unloaded configuration͒ renders the present approach suitable to be used as a powerful predictive tool for surgical interventions such as refractive corneal surgery. For example, in laser ablation techniques, the corneal shape is modified to provide a refractive correction; the complete mechanical response of the cornea is affected by the geometrical changes. 5. The proposed methodology provides a 3D model and does not use membrane-and shell-based models; thus, the variations of the micromechanical organization of the fibrils through the thickness, as observed in microscopy investigations ͓4-7,24,25͔, may easily be considered. 6. An additional feature of a 3D nonaxisymmetric model is the fact that the evaluation of the refractive power of the cornea is related to the geometry of both the internal and external surfaces of the cornea. A shell model or an axisymmetric model will not be able to provide the necessary information for estimating the outcome of refractive surgery.
The main goal of this paper is to apply the distributed collagen fibril model to the analysis of the response of the human cornea in terms of stress states and refractive powers. The proposed 3D cornea model is based on the constitutive approach by Gasser et al. ͓26͔, which considers the distributed collagen fibril orientations by generalizing the structural model of Holzapfel et al. ͓17͔, originally developed for arterial walls. Alternative hyperelastic material models such as isotropic and anisotropic models without taking fibril dispersion into account may be able to capture some of the features of the mechanical response of the cornea, but are not reflecting the corneal morphology. Under physiological IOP, the used model, able to represent the dispersion of the collagen fibril orientation, leads to stress maps that replicate the observed underlying structure characterized by the presence of a stiffer behavior in the NT and SI directions. This stiffness increase is requested by the mechanical action of the ocular rectus muscle and of the eyelids preserving a global subspherical shape of the deformed cornea at the same time. A change in the fibril structure or level of distribution may lead to an alteration of the whole mechanical response of the cornea and thus to a change of the refractive power. The variation of the organization of the lamellar structure of the stroma may also explain the origin of the astigmatism.
Materials and Methods

Evidence of Structure and Related Mechanics.
The cornea is a highly organized composition of proteins and cells, which receives its nourishment from the tears and aqueous humor filling the chamber behind it. The cornea is arranged in five layers; from the anterior to the posterior they are epithelium, Bowman membrane, stroma, Descemet membrane, and endothelium. The stroma is the thickest layer and accounts for about 90% of the thickness. The mechanical properties of the cornea are strictly dependent on the properties of the stroma, while the presence of the other four layers is less relevant with respect to the solid mechanics. The structure of the collagen fibrils within the cornea has been investigated through microscopy observations. Meek et al. ͓24͔ revealed the presence of two preferred directions ͑NT and SI͒ and observed that this arrangement prevails in the posterior half of the cornea. It appears that Daxer and Fratzl ͓2͔ were the first who quantified the degree of structural anisotropy in the normal human corneal stroma. They evaluated the degree of orientation of the fibrils in the stroma as 66%, located within a 45 deg sector along the NT and SI directions, and 33%, located in the remaining sectors.
Meek and Newton ͓25͔ and Newton and Meek ͓6͔ confirmed these observations. Their measurements indicate the presence of a ring of corneal fibrils in the circumferential direction at the point where the human cornea and sclera fuse together. They proposed a model to explain how the fibrils bend at the periphery of the
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Transactions of the ASME cornea to coalesce with the annulus at the limbus, see Fig. 1͑a͒ . The subsequent study by Aghamohammadzadeh et al. ͓8͔ considered the possible presence of additional collagen lamellae forming chords across the outer cornea. Since the lamellae do neither start nor end in the middle of the cornea, the authors proposed an alternative model of the arrangement of the fibrils, where additional collagen aids to the maintenance of peripheral flattening prior to the limbus, see Fig. 1͑b͒ . There is evidence that corneal lamellae split and change direction ͓27͔, so it is most likely that many of the lamellae in the central cornea have their origin in the peripheral lamellae. In most of the numerical applications documented in literature the presence of the limbus annulus is not considered ͓16,21͔, with the exception of the study by Pandolfi et al. ͓19, 20͔ . The corneal tissue is a soft biological material characterized by a nearly incompressible, highly nonlinear elastic behavior, and some viscosity. As for any living tissue, the behavior of the cornea is strongly affected by age, health condition, and hydration. The mechanical properties of the human cornea have been analyzed through inflation experiments on whole eyes ͓15,28͔ or uniaxial extension tests on strips cut from excised corneas. Uniaxial tests attempted to characterize the mechanical behavior of the human cornea by measuring stiffness ͓11,21,29-32͔ or strength parameters ͓29͔ of the tissue. All these experiments indicated an increase in corneal stiffness with strain, frequently observed in the mechanical response of fiber-reinforced tissues. Unfortunately, large differences between the sets of experimental results are documented possibly because of different testing conditions and protocols. The results, though, show a general trend.
According to Jayasuriya et al. ͓30͔ the piezoelectric and mechanical responses of bovine cornea samples are anisotropic, i.e., they depend on the meridian. The maximum corneal stiffness is observed along the NT and the SI meridians, with a ratio of 3:1. Samples cut along the 45 deg meridians show a lower stiffness, up to 1:10 of the NT meridian stiffness. Additionally, Young's modulus increases and the piezoelectric coefficient decreases with decreasing the degree of hydration. The observed anisotropic properties may be caused by the presence of oriented crystalline collagen fibrils. Differences in the stress-strain curves for the NT and SI meridians have also been observed by Kampmeier et al. ͓33͔ on porcine corneas. In addition, the recent works by Aghamohammedzadeh et al. ͓8͔ and Boote et al. ͓4͔ suggest that in the central region of the human cornea the X-ray scattering intensity is the same in NT and SI meridians. On the viscous properties of bovine corneas Boyce et al. ͓34͔ showed that the stress-strain behavior is similar in the NT and SI directions.
Model
Constitutive Model.
According to mechanical behaviors of human corneas, as observed during inflation tests ͑see, for example, Ref. ͓21͔͒, we suggest to use a nonlinear material model. The highly nonlinear response is particularly pronounced outside the physiological pressure range, which is 15-18 mm Hg. The sudden stiffening of the load-displacement curve may be explained by the fact that the tissue activates reinforcing constituents, i.e., collagen fibrils, to provide the requested strength. Such behavior can be efficiently reproduced by modeling explicitly the presence of collagen fibrils. In literature there are a very few constitutive descriptors available that are able to describe the peculiarities of 3D corneal responses, in particular, the spatial dispersion of collagen fibril orientations. In particular, the similar model approaches documented in Refs. ͓26,35,36͔, developed for arterial tissue, turn out to be appropriate to capture the 3D corneal responses. In the present work the constitutive model is based on the later work, which is a hyperelastic model that extends the more traditional model from Holzapfel et al. ͓37͔ by incorporating dispersed collagen orientation.
Before proceeding with the actual material model it is necessary to introduce the relevant nonlinear kinematics. The employed notation is according to Holzapfel ͓37͔. We adopt the multiplicative decomposition C = J 2/3 C of the right Cauchy-Green tensor C = F T F into a part J 2/3 I and into the modified right CauchyGreen tensor C, respectively, with det C = J 2 Ͼ 0 and det C =1, where J denotes the volume ratio. The deformation gradient is denoted by F. To complete the description, the families of collagenous fibrils are characterized by the two mean orientations in terms of the two vectors M and MЈ, with length ͉M͉ = ͉MЈ͉ =1, which refers to the reference ͑unloaded͒ configuration of the cornea.
In order to describe the hyperelastic stress response of the cornea we assume the decoupled form ⌿ = U͑J͒ + ⌿ of the Helmholtz free-energy function ⌿ ͑per unit reference volume͒, where U is a function responsible for the volumetric elastic response, while the given function ⌿ is responsible for the isochoric elastic response. Since we assume that the cornea keeps the volume constant during deformation ͑J =1͒, U is treated as a ͑purely mathematically motivated͒ penalty function enforcing the incompressibility constraint ͑see Ref. ͓37͔, Sec. 83͒. For the isochoric strain-energy function ⌿ we adopt an additive split into a part ⌿ g associated with the noncollagenous hydrated-matrix, subsequently called the ground-matrix, and a part ⌿ f associated with the embedded families of collagen fibrils. Hence, the two-term potential may be written as
in which the definitions ͑in index notation͒
for the first modified invariant Ī 1 and the two modified invariants Ī 4 and Ī 6 are to be used. In Eq. ͑2͒ the summation convention is adopted. The noncollagenous ground-matrix is captured by means of the isotropic neo-Hookean model, i.e., ⌿ g = c͑Ī 1 −3͒ / 2, where c is a positive material parameter. The energy stored in the two families of collagen fibrils is
where i ͓0,1/ 3͔ is a dispersion ͑structure͒ parameter, which may be different for each fibril family. In Eq. ͑3͒, k 2i Ͼ 0 and k 1i Ͼ 0 are dimensionless parameters and stresslike parameters, respectively, to be determined from mechanical tests of the cornea, while the modified fourth and sixth invariants Ī 4 Ã and Ī 6 Ã are deformation measures in the direction of the mean orientations M and MЈ of the two fibril families, respectively. We assume that collagen fibrils cannot support any compression. Therefore, the anisotropic part ͑1−3 i ͒Ī i contributes to ⌿ f only if the deformation in the directions of M and MЈ is positive, i.e., Ī i Ͼ 1.
A brief note on the interpretation of the dispersion parameter i is now provided; for more details, see Ref. ͓26͔ . By assuming that a single fibril family is distributed with rotational symmetry about the mean preferred direction M ͑or MЈ͒ so that the family contributes a transversely isotropic character to the overall response of the material, it can then be shown that
where Ã is a density function, which characterizes the distribution of fibrils in the reference configuration, and ⌰ ͓0,͔ is an Eulerian angle. The shape of the function Ã is based on the actual statistical distribution the embedded fibril family follows. Hence, the parameter , as provided in Eq. ͑4͒, describes the "degree of anisotropy" and represents the fiber distribution in an integral sense. Ideal alignment of collagen fibrils occurs for i = 0. Then from Eq. ͑3͒ we get the expression Ī i Ã = Ī i , and the model by Holzapfel et al. ͓37͔ is simply obtained as a special case. Isotropic distribution of collagen fibrils occurs for i =1/ 3. For that case we get the expression Ī i Ã = Ī 1 / 3 from Eq. ͑3͒, which is very similar to that in Ref. ͓38͔ .
Now by employing the roles of nonlinear solid mechanics it is laborious, but straightforward, to derive the related stress and elasticity tensors. For example, the purely isochoric contribution to the Kirchhoff stress tensor is according to
which is directly related to Eq. ͑1͒. The volume-changing elastic response of the cornea we described according to Pandolfi et al. ͓20͔ by the function U = K log 2 J, where K is a positive ͑user-specified͒ penalty parameter, which is independent of the deformation. Clearly, with increasing penalty parameter K the violation of the incompressibility constraint J = 1 is reduced. If we take the restriction on the value of the penalty parameter toward infinity, the constraint condition is exactly enforced, and then the cornea is incompressible, with J = 1. Finally, the Cauchy stress tensor is related to the Kirchhoff stress tensor through the relation = J −1 . For subsequent use, we introduce the definition of the von Mises stress, i.e.,
where I , II , and III are the principal values ͑eigenvalues͒ of the Cauchy stress tensor .
Geometrical Model.
Our continuum approach allows for the definition of several layers across the corneal thickness, where the material properties may be distinguished from one layer to the other. This possibility, which will not be exploited in the present work, may be useful to model the different arrangement of the collagen lamellae at different depths in the stroma ͓24͔.
Pandolfi et al. ͓19͔ developed a parameter-based mesh generator to model the human cornea. Based on a two-dimensional grid generation algorithm ͓39͔, the mesh generator creates the structure of the cornea ͓40͔. The input is limited to a few geometrical parameters, which describe the internal and external surfaces of the cornea in terms of biconic functions ͓20͔. In a cylindrical reference system ͑, , z͒, the equation of a biconic surface is
where
and
͑9͒
In Eq. ͑7͒ R x and R y are the maximum curvatures of the principal meridians, x is the direction of the steepest principal meridian, and Q x and Q y are the asphericity parameters in the directions x and x + / 2, respectively. The function described in Eq. ͑7͒ reaches the maximum value z 0 at = 0. The principal conic sections can be either oblate ͑Q i Ͼ 0͒ or prolate ͑−1 Ͻ Q i Ͻ 0͒ ellipses, circumferences ͑Q i =0͒ or parabolas ͑Q i =−1͒. The biconic function ͑7͒ may be specialized in order to exclude one or two asphericity parameters. As observed by Dubbelman et al. ͓41͔, the asphericity parameters ͑especially of the external corneal surface͒ may not follow the same dependency on the meridian angle as the radius; thus, Eq. ͑7͒ may not be precise enough. The mesh generator developed, though, may be adapted easily to accommodate any surface equation. The numerical procedure automatically discretizes the solid model of the cornea into standard eight-node brick finite elements, with linear displacement interpolation. At each integration point of the finite elements, the procedure assigns the dominant orientation of two sets of fibrils and the value of the dispersion parameters i related to these sets. In the central optic zone of the model, the orientation of the fibrils follows an orthogonal pattern. At the periphery, one of the two sets of fibrils runs circumferentially, and the other set is disposed radially. The central orthogonal arrangement and the periphery circumferential disposition are smoothly connected with a continuous transition. Figure 2͑a͒ shows the orientation of the two sets of fibrils in the outermost layer of the cornea, at the barycenter of each finite element. Each fibril family has a degree of dispersion characterized by the parameters i that assume different values at different locations of the cornea. According to experimental observations ͓4͔, the degree of dispersion along a generic circumference centered at the optical axis is / 2 periodic, and the expression
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can be used with a good degree of approximation, where i max = 0.333 ͑i.e., isotropic dispersion͒ and i min = 0.1333 ͑i.e., strong orientation for 60% of the fibrils and dispersion for 40% of the fibrils͒. Along the meridian forming the angle with the positive horizontal axis, the dispersion reaches the minimum at the center of the optical zone, the maximum at the border of the optical zone, and again the minimum in proximity of the limbus. Assuming a simple sinusoidal variation of the dispersion degree along a meridian, at the distance from the optical axis, we have
where R TZ is the radius of the transition zone. Figure 2͑b͒ shows the contour levels of the dispersion parameter, as described by Eq. ͑11͒. The dispersion parameter i is related to the ratio R between the strongly oriented fibrils and the dispersed fibrils as
The map of the variable R for both families of collagen fibrils is shown in Fig. 2͑c͒ .
Computational Model Including Boundary and Loading
Conditions. The accuracy of the geometrical model depends on the available data obtained from standard in vivo medical measurements. Note that the finite element model should be able to reproduce the ͑unknown͒ unloaded configuration of the cornea in order to provide a realistic mechanical response. In vivo measurements, however, provide the geometry deformed by the intraocular pressure. Thus, a preprocessing procedure, which identifies the unloaded configuration, has been integrated into the developed code.
The procedure is based on the following considerations. The geometrical data obtained from clinical examinations are used to produce a finite element mesh with initial coordinates X 0 . Such a mesh reproduces the physiological configuration of the human cornea under IOP; thus, the coordinates X 0 represent the sought Each pair of fibrils is visualized at the integration points of the elements; "b… contour levels of the dispersion parameter i for both families of collagen fibrils; "c… contour levels of the ratio R between the strongly oriented fibrils and the dispersed fibrils for both families of collagen fibrils.
spatial coordinates x. In the final analysis the spatial coordinates must be equal to the sum of the ͑initially͒ unknown material coordinates X and of the nodal displacements u, i.e.,
The procedure starts by initially setting the reference coordinates X 1 equal to X 0 . A static analysis is performed, bringing the intraocular pressure up to the physiological value. The computed nodal displacements u 1 are then used to compute the first trial spatial configuration x 1 , and a global error estimate e 1 can be evaluated as
A new approximation of the material coordinates is thus given by
The nodal coordinates are then updated and a new analysis is performed. The new displacements u 2 are used for a new error estimate and a new approximation. A general iterative algorithm at iteration k is given by
The kth error estimate may be characterized by
where ʈaʈ denotes the Euclidean norm of a vector a. The procedure is cut off when the magnitude of the error estimate e k goes below a given tolerance of accuracy, i.e., 10 −8 d max , where d max denotes the maximum diameter of the cornea.
The 3D mesh used in all the subsequent simulations is depicted in Fig. 3͑a͒ . It consists of 2500 nodes and 1728 eight-node brick elements. The geometry refers to the unloaded configuration of an ideal cornea. The outer in plane diameter of the cornea is 11.61 mm. The maximum elevation at the apex is 2.52 mm. The corneal thickness is 627 m at the center and 756 m at the limbus. The slope of the cross section at the limbus is orthogonal to the mean surface of the cornea. The geometrical parameters that describe the loaded ͑stressed͒ cornea, deformed under the physiological intraocular pressure, are taken from the recent data published by Dubbelman et al. ͓41͔, and represent the average geometrical data over 114 subjects ͑57 males and 57 females͒. In particular, referring to Eq. ͑7͒, the parameters used for the external surface of the cornea are R x = 7.71 mm, R y = 7.87 mm, x = 93 deg, Q x = Q y = −0.41, and z 0 = 2.52 mm. The parameters used for the internal surface are R x = 6.365 mm, R y = 6.69 mm, x = 93 deg, Q x = Q y = −0.52, and z 0 = 1.891 mm. Figure 3͑b͒ shows the deformed cornea under the physiological IOP ͑16 mm Hg͒. The maximum elevation at the apex is 2.94 mm. The corneal thickness is 579 m at the center and 620 m at the limbus. The refractive powers along the SI and NT meridians are 41.6 D and 40.9 D, respectively.
The dioptric power of any meridian of the cornea is evaluated by applying the thin lens equation to the optical zone ͑6 mm diameter͒. Such equation approximates the shape of a meridian of the cornea with a circular arc. The dioptric power S is expressed as
where n c = 1.376 and n ah = 1.336 are the refractive index of the cornea and of the aqueous humor, respectively, while R ext and R int are the curvatures of the external and the internal meridian of the cornea, respectively. The two curvatures are computed from the deformed configuration, obtained from the simulations, as the best fitting circular arc. The displacements at the limbus contribute to the deformed shape of the cornea. The cornea is connected to the sclera, which acts as a compliant support allowing displacements and rotations. The limbus displacements in the direction of the optical axis are uniform and do not affect the curvature and the shape of the cornea. Additionally, the circumferential stiffness of the limbus reduces the magnitude of the radial component of the displacements that can be disregarded. The only boundary deformation that must be considered is the rotation about the limbus circumference. The selection of a reasonable amount of rotation at the limbus may be performed on the basis of the global mechanical and optical responses of the cornea under the physiological IOP. The refractive power of the cornea changes under increasing intraocular pressure. Such variation depends mainly on the rotation of the limbus and on the material model. When a nonlinear elastic material is used, the refractive power increases, reaches a maximum, and then, for higher pressures, it decreases again, see Fig. 4 . For the assigned cornea geometry and the material models, the position of the maximum depends on the magnitude of the limbus rotations; in general, the maximum moves toward higher IOP values for rigid boundaries and toward lower IOP values for deformable boundaries. It is plausible that healthy biological tissues behave in a manner to optimize their functionality. Hence, on the basis of numerical analysis, the study by Pandolfi et al. ͓20͔ suggests to assume calibrated rotations of the cross section at the limbus so that the optimal refractive power falls within the physiological range of the IOP. A further argument to support this approach is the sectional stress at the limbus. When the initial cross section of the cornea is maintained orthogonal to the mean surface, the stress at the boundary is almost uniform. Other constraints result in a high stress gradient at the boundary, revealing the presence of a bending moment, which is rather unrealistic in a context of living tissues that have the abilities to grow and adopt. A discussion of the effect of the boundary conditions on the response of the cornea, modeled as a shell, was presented by Anderson et al.
͓21͔.
The loading conditions considered in our analysis are defined by the IOP that increased from 0 mm Hg to 100 mm Hg. All the results presented here refer to a reference physiological pressure that is assumed to be 16 mm Hg. The pressure due to the humor aqueous behind the cornea acts perpendicular to the deformed internal surface.
Results
We perform a baseline analysis by using the constitutive and geometrical models, as described in Sec. 2. The set of reference material parameters is summarized in Table 1 . The material parameters have been determined by fitting them to the experimental data reported by Anderson et al. ͓21͔ through a trial and error procedure. Figure 5 compares the results of our baseline simulations with the experimental data.
We have chosen the rather wide pressure range for the calibration of the material parameters in order to capture the response of the material under any pressure up to 100 mm Hg by the numerical simulations. The idea behind this is the exploration of the ability of the dispersion model to better describe the anisotropic behavior of the cornea.
Starting from the baseline analysis, we performed a parametric study of the mechanical response of the cornea by varying just one material parameter at the time, while all others were kept constant. We limited our analysis to the variation of the material properties of the subhorizontal ͑NT͒ set of fibrils ͑see Fig. 2͑a͒͒ .
For the sake of simplicity, we varied the material parameters for all the fibrils belonging to the subhorizontal set, including the ones in the limbus. Preliminary tests have shown that, for the range of the variations and the boundary conditions considered here, the variation of the circumferential fibril stiffness was not affecting the dioptric power in the optical zone. Figure 6 compares the contour levels of the von Mises stress M ͑in MPa͒ of the corneal top surface at physiological IOP ͑16 mm Hg͒ for different values of the fibril stiffness k 1 ͑compare with function ͑3͒͒ in the NT direction. The stiffness changes from 0.005 MPa to 0.08 MPa ͑1/4 to 4 times the calibrated value͒. The corresponding distributions of the maximum principal Cauchy stress I across the corneal thickness are reported in Fig. 7 . Figure 8 compares the von Mises stress contour levels for different values of the fibril parameter k 2 ͑compare with function ͑3͒͒ in the NT direction. The parameter changes from 100 to 1600 ͑1/4 to 4 times the calibrated value͒. The corresponding distributions of the maximum principal Cauchy stress I across the thickness for the variation of k 2 are illustrated in Fig. 9 . Table 1 . While no relevant changes are observed in the refractive power along the NT meridian, the corneal refractive power along the vertical SI meridian shows a strong sensitivity with respect to the stiffness in the NT direction. These effects are shown in Fig. 10 , where the refractive power is plotted versus the parameters k 1 and k 2 for the fibril set oriented in the NT direction. The alteration of the material parameters seems to be responsible for the astigmatic vision.
With a last set of calculations we evaluate the influence of the dispersion parameter on the mechanical and optical responses. We performed four analyses, as described in Table 2 .
The first analysis refers to the baseline and is used as a reference ͑hence, this computational case we call "baseline"͒. The second analysis is performed by considering equal distributed collagen fibril orientations ͑case "isotropic"͒, i.e., we set the parameter equal to 1/3 for both fibril families. The third analysis refers to a situation in which both sets of collagen fibrils have ideal alignments ͑case "fibers"͒, i.e., = 0, and just for this case we assume a reduced value for the neo-Hookean parameter ͑c = 20 kPa͒. The fourth analysis is performed by assuming the highest degree of anisotropy ͑ =0͒ for the NT set of fibrils while keeping the baseline distribution of for the SI set of fibrils ͑i.e., case "mixed"͒. Figure 11 compares the contour levels of the von Mises stress M for the four investigated cases ͑see Table 2͒ at IOPs 16 mm Hg and 40 mm Hg ͑note the different stress levels͒. As expected, under the physiological IOP, the patterns of the contour levels change considerably with the assumptions made regarding the degree of fibril dispersion. The isotropic case shows circular contour levels. The fibers case shows a wider area characterized by a higher stress value, while the mixed case presents elliptical subhorizontal contour levels. At higher IOP, the stresses differentiate more. In particular, the fibers case shows a pattern that corresponds to a nonaxisymmetric shape of the cornea. Figure 12 compares the contour levels of the maximum principal Cauchy stress I for the four cases ͑see Table 2͒ at IOPs 16 mm Hg and 40 mm Hg in the NT cross sections of the cornea ͑note the different stress levels͒. At physiological IOP, the baseline and the isotropic cases give similar stress distributions across the thickness. At higher IOP, though, the stress distribution changes considerably. The isotropic case is uniform, while the baseline simulation presents higher values related to the activation of the fibrils.
The variations of the refractive powers along the NT and SI meridians as a function of the IOP are plotted in Figs. 13͑a͒ and  13͑b͒ , respectively. Finally, Fig. 14 shows the different global mechanical responses of the cornea for the four cases, as described in Table 2 . Note the very different optical and mechanical responses of the four studied cases with respect to the applied IOP. The three ͑alternative͒ cases, i.e., isotropic, fibers, and mixed, strongly deviate from the experimental observations. In particular, the isotropic model shows an excessive apical displacement and thinning and, as a consequence, an abnormal increase in the refractive power with the IOP. The model that considers ideal alignment of the collagen fibrils, however, underestimates the refractive power at the physiological IOP, and is not able to capture the experimental response of the structure. The case with a single set of aligned fibrils ͑mixed case͒ leads to a "pathologic" form of astigmatism and is not able to reproduce the experimental observations.
Discussion
The presented cornea model is an improvement of the one by Pandolfi et al. ͓19,20͔, in which attention was mainly focused on the geometrical aspects of the cornea. Pandolfi et al. ͓19͔ documented a parametric solid modeler and a finite element generator able to describe the external and internal surfaces of the cornea by using geometrical data such as curvatures, conic constants, and thicknesses available from standard in vivo medical measure- ments. In the subsequent paper by Pandolfi et al. ͓20͔, the computer code was equipped with an interpolation procedure able to provide the geometrical parameters in the deformed configuration and, consequently, to compute the refractive power of the simulated eye under the effect of various intraocular pressures. The cornea material was assumed to be hyperelastic and anisotropic, characterized by the presence of two sets of collagen fibrils according to the model by Holzapfel et al. ͓37͔ . The finite element model was then used to evaluate the refractive power of the cornea undergoing refractive surgery intervention ͓20͔. During numerous finite element analyses some drawbacks with respect to the anisotropic constitutive model ͑fibers case͒ were asserted. For example, although the accuracy of the mechanical behavior was satisfying along the NT and SI meridians, under higher IOP ͑Ͼ30 mm Hg͒ the predicted mechanical responses around the Ϯ45 deg meridians resulting from the used constitutive model were unrealistic and showed four bulging zones, see Fig. 11͑b͒ ͑fibers case͒. In addition, recent microscopy observations of the stromal microstructure ͓4,5͔ confirmed that the lamellar organization presents a dispersion that cannot be captured by an anisotropic material model that consists of collagen fibrils with two preferred directions. Hence, motivated by our previous experiences, in the present study we employed a more advanced structural model of the cornea that is able to describe a smooth transition from a strong fibril orientation, prevailing in the central part of the cornea, to a dispersed structure in the 45 deg sectors. In particular, the generalized version of the anisotropic structural model of Holzapfel et al. ͓17͔ and Holzapfel and Gasser ͓42͔, see Ref. ͓26͔ , considers the distributed collagen fibril orientations and possesses the sought features. The used structural model is able to capture the overall deformation response under the effect of increasing IOP ͑such as the model of, for example, Elsheikh and Anderson ͓43͔͒ and provides a realistic prediction of the stress distribution and the related optical performance of the cornea.
Stress maps are important features of biomechanically based studies since they allow the identification of high stress regions. Stress analyses of the cornea are scarcely reported in literature. An exception is the study of Hjordtal ͓28͔, who used a simplified shell model and a nonlinear stress-strain relationship to compute the meridional and circumferential stresses from measured strains obtained during inflation tests on whole human corneas. The finite element computations performed here are able to provide the three-dimensional stress distributions under various levels of intraocular pressures. Referring to the physiological pressure value of 16 mm Hg, it is possible to compare the stress maps for different values of the material parameters. In all performed analyses, the von Mises stress M falls within the range 0-20 kPa. Table 2… . Stresses are in MPa.
These values are in agreement with the results reported by Hjortdal ͓28͔. In Hjordtal's experiments, the epithelium was removed from the corneas, and the average central thickness of the tested specimens was 474 m, i.e., about 1/5 less than the one considered here. Because of the smaller thickness, the evaluated stresses are 10-20% higher than the ones obtained in the present study, i.e., Ϸ20-25 kPa. The meridional and circumferential stresses along a meridian, evaluated by Hjortdal ͓28͔ from experimental strain measures, show a decrease in the magnitude from the center to the periphery. Given the simplicity of the stress model, such variation becomes relevant only at higher IOP, i.e., 100 mm Hg. In general, this trend is observed in all the cases here analyzed, see Figs. 6-8. The reduction of the stress magnitude is consistent with the corneal thickness increase at the limbus. A qualifying feature of the present finite element model is the possibility to evaluate the effects of the variation of the material properties in terms of stress map patterns. In general, an increase in the fibril stiffness ͑parameters k 1 and k 2 ͒ of the NT fibril set induces an increase in the von Mises stress along the same direction. The variation of the fibril stiffness induces also a modification of the stress distributions across the corneal thickness. As can be seen from Figs. 7 and 9 the maximum principal Cauchy stress I in the NT meridional section of the cornea increases with the stiffness parameters, and the gradient of the stress across the thickness increases as well. Note that stress gradients are associated with bending moments in the central part of the cornea. In consideration of the corneal function, it is unlikely that such high stress gradients are present ͑unless for pathological conditions͒. Thus, high values of the stiffness parameters lead to unrealistic stress distributions.
As far as the optical performance is concerned, a detailed geometrical and material model of the cornea may be able to register variations of the optical power with the microstructure. For example, anomalous alterations of the lamellar organization may determine the occurrence of pathological behaviors ͓2͔. In addition, the use of anisotropic models seems to be of relevance in the evaluation of the refractive response of astigmatic eyes. The structural cornea model here proposed permits the evaluation of the influence of the mechanical stiffness on the deformed shape, and Table 2… 061006-10 / Vol. 130, DECEMBER 2008
Transactions of the ASME hence on the focusing function of the cornea. For the sake of simplicity we have here assumed a fixed cornea geometry. According to Fig. 10 , it is interesting to recognize that the parameters k 1 and k 2 related to the fibrils in the NT direction remarkably affect the refractive power along the vertical SI meridian. One possible explanation of this behavior is that under the effect of the IOP the softer meridian is more prone to flatten than the stiffer meridian. The anisotropic response of the cornea predicted by the numerical analysis for uneven distribution of the fibril stiffness can be used to justify astigmatic refraction of a cornea. In the present work the two limiting cases, i.e., isotropy ͑iso-tropic case͒ and anisotropy without dispersion of the fibrils ͑fibers case͒, have been investigated. As already mentioned, the calibration of the model has been performed by assuming a constitutive model that considers the dispersion of the collagen fibril orientation in the form of the scalar structure parameter . Thus, the "optimal performance" is obtained with the specific setting of collagen fibril dispersion, mechanical properties, and geometry. All the analyses where the baseline structure was modified presented some inconsistencies. The isotropic case results into an axisymmetric stress distribution ͑see Fig. 11͒ , and the refractive powers for both NT and SI directions are highly overestimated ͑compare with Fig. 13͒ , especially for increasing values of the IOP. The global mechanical response of the isotropic model in terms of apical displacement is rather unrealistic ͑see Fig. 14͒ since the model is unable to show the typical stiffening behavior as observed during experimental tests, and an anomalous thinning of the central region of the cornea is visible, in particular, at higher pressure levels, see Fig. 12͑b͒ . The case where both sets of collagen fibrils have ideal alignments, i.e., the fibers case ͑ = 0 and the isotropic contribution of the ground matrix has been reduced͒, leads to an overestimation of the stresses in the central part of the cornea, in particular, at IOP 16 mm Hg ͑see Fig. 11͑a͒͒ , and to erroneous evaluations of the refractive powers in both directions ͑see Fig. 13͒ . At higher IOP, the related material model leads to unrealistic bulging at the four lobes, see Fig. 11͑b͒ . Finally, the computational study for which only the SI set of fibrils has been considered to be dispersed ͑mixed case͒ results in an intermediate situation, i.e., between the baseline and the fibers analyses. The nonregular stress distributions, as can be seen in Fig. 11 , correspond to nonspherical deformations of the corneal surface and lead to a strong astigmatic response of the optical behavior, see Fig. 13 . Note that for this case the refractive powers along the NI and SI meridians are very different, in particular, for higher IOP. From a solid mechanical perspective the missing collagen reinforcing in one direction may explain pathological conditions such as keratoconus. Note that in all the performed analyses, the influence of the collagen fibril stiffness along the annulus at the limbus on the mechanical and optical responses was of no relevance. In practice, the thicker limbus seems to play the role of supporting a reinforced zone rather than serving a structural function.
In addition to the fibril dispersion there are certainly many more micro-and nanostructural parameters and mechanobiological factors that may influence the mechanical response of the cornea, which need to be considered in a more advanced model in order to better reflect the "real situation." It would also be very valuable to model the whole ocular globe in order to achieve a more reliable predictive tool. However, this would require geometrical, mechanical, loading, and boundary information for a single specimen, which is rather difficult to get. In particular, the tissues surrounding the globe are a big concern. The proposed structural model of the cornea is as good as the mechanical and geometrical parameters used therein. We need more detailed structural and mechanical information of the corneal components and their assemblies. In addition, the structural and mechanical descriptions must be combined with the related cornea geometry, in particular, with the identification of the external and internal shapes of the cornea in order to predict reliable mechanical and optical responses. Nowadays, it is straightforward to recover the corneal topography by using, for example, corneal topographers. Hence, this approach may particularly be useful for patient-specific applications.
Conclusion
The reliability of a computational tool to predict the mechanical and optical behaviors of the human cornea depends on the ability of the model to incorporate all relevant information related to mechanics and geometry. A model must not disregard the microstructure of the cornea, in particular, the peculiar collagen fibrillar structure, which provides the cornea with the unique mechanical and optical properties.
